The temporal instability of a spatially periodic, parallel flow of an incompressible inviscid fluid for various jet velocity profiles is studied numerically using Floquet were found only over a limited range of wave numbers and have a band type structure.
Analysis.
The transition matrix at the end of a period is evaluated by direct numerical integration. For verification, a method based on approximating a continuous function by a series of step functions was used. Unstable solutions
were found only over a limited range of wave numbers and have a band type structure.
The results obtained are analogous to the behavior observed in systems exhibiting complexity at the edge of order and chaos.
I. Introduction
The results of an investigation of the temporal instability of spatially periodic, parallel flow of an incompressible inviscid fluid for various velocity profiles are presented in this paper. This study is motivated by a desire to increase mixing in shear flows using multiple nozzles.
For many years the stability of jets, shear flows, and wakes have been extensively studied to understand the growth of a small, wave-like disturbance of the basic parallel inviscid flow U = U(y)i.
For these unbounded flows, it is assumed that the flow is uniform as y _ ±oc. The stability characteristics of spatially periodic, parallel flows of an incompressible fluid ( both inviscid and viscous) were studied by Beaumont 1. Beaumont considered periodic flows with U(y) = U(y + A) for some period A and all y. He considered broken line triangular and square velocity profiles and a continuous sinusoidal velocity profile. Miles 2 extended this work in a study of the collective interaction of a compressible, periodic, parallel jet flow.
In this paper, the stability characteristics of spatially periodic, parallel, inviscid jet flows of an incompressible fluid will be studied.
A sketch of the nozzle geometry considered is shown in Fig. 1 
where the primes denote differentiation with respect to y. In this paper, f(y) is periodic such that f(y+A) = f(y) where the period A used herein is the sum of a scaled noz-"zle width, wt¢ = w_/L*, and the scaled nozzle spacing, s = s*/L*.
In this paper the period is scaled so that )_ = s + WN = (S* + W*N)/L* = 27r. The velocity profile f(y) is not any exact solution of the Navier-Stokes equation, but it can be considered as a simple model of some real periodic flow.
The three continuous velocity profiles f(y) studied herein are given by
A is the nozzle spacing parameter, y goes from 0.0 to 2_r,
The profile number system used fl = sin(2_ry) and ]2 = cos(2zry 
The form used for the fs function velocity profile was suggested by a velocity profile function used to study the instability of two-dimensional wakes by Monkewitz s.
Note that
Themanner in whichalteringthe nozzle spacing parameter, A, changes thedistance between nozzles will be discussed next.Let )/1 and X2 be the roots of f (y) 
III. Floquet-Bloch theory
Since the basic flow velocity profile,/(y), is periodic, 
•where (0
X is the vector X = (Xl,X2) T and 
We now introduce two solutions of Eq. (1) with initial
Next we seek the eigenvalues, /z, of ,I,(27r) from Eq. (8) as follows
where we have used the following relation
The independent solutions of Eq. (7) have the form 
where again the primes denote differentiation with respect to y.
Consequently, the wavenumber k can be viewed as an eigenvalue of the problem.
IV. Broken-line velocity profiles
In this section, the stability of a broken-line V-shaped velocity profile and square-shaped velocity profile will be discussed. 
In Appendix A, the flow equations in terms of the velocity potential and velocity are shown to represent two different views of the same problem. The conditions of continuity of pressure and normal velocity indicate that at a discontinuity of U or U'
where and
where
Note again that Beaumont 1 expresses the condition of continuity of normal velocity using
The derivation of these equations is discussed in Appendix A.
A. Broken-line V-shaped velocity profile
The flow profile function U(y) is given by I-_y , o<y<_ (2o) U(y) = -3 + ;y , 7r<_y < 27r
where U(y + 2_r) = U(y).
Using the two sets of initial conditions at y = 0 ((v,v')
T ---(1, 0) T and (v,v') T = (0, 1) T) ) and using the matching equations at y = 7r, to solve the Rayleigh equation (Eq. (1)) at y = 2_r yields
Consequently, using equation ( 12 ) and the angle sum relationship for sinh(a + B)
From equation ( 11 ) 
B. Broken-line square shaped velocity profile
The flow U(y) is given by:
, _-<_y_ (24) with U(y + 27r) -= U(y) Using the procedure discussed in Appendix C, the following equation for J is derived:
Then cos(0i) = cos(2_ri) (26) cosh (2k )-
Note that solutions are available for only the neutral stability case where ci = 0 and c = c_. For any ci not equal to zero cos(0i) is complex and no unstable solutions exist.
The solution given by Beaumont 1 is based on a different condition for velocity continuity and this solution
shows that the whole of th_ (k, Fi) plane is unstable. In this section, analytic solutions were determined for two simple broken line velocity profiles. For these cases, only neutrally stable solutions were found. The numerical procedures used to obtain solutions for the continuous velocity profiles will be discussed next.
The continuous velocity profiles are scaled to resemble the simple broken line velocity profile.
V. Numerical calculations
The specific point of interest is to determine for a given value of ci and k if a value of c_ exists such that the solution to Eq. (1) (Fig. 8) solutions were found for ci in the range, 0.1 _< ci _< 0.8. For the f4 profile (Fig. 9) Fig. 8a) , for the ]4 velocity, (ci)max = 0.5 (Fig. 9a) , and for the f5 velocity, (ci)ma_ = 0.9 (Fig. 13a) The results given in Fig. 10 are unique. Results shown in Figs 11-13 were obtained for a large range of c_ values at least from 0.2 to 0.9. For A = 1.18 the range of ci values was much smaller, 0.1 < c_ < 0.5. Another difference is that for the largest growth rates, for the spacing A = 1.5, 2.3, and 3, the relative phase velocity is in the range 0 < c_ < 0.3 . However, for the A -1.18 case for the largest growth rate c_ is much larger ( c_ = 0.5304).
In addition, all solutions have positive cr. The traces given in Figs 11 through 13 are similar.
They also traces which are broken up into islands as discussed earlier.
The stability plot with A = 1.5 is interesting in that the (Ci)max = 0.7 trace represented by + is broken up into more than four islands. Figs 11 and 12 we note for a single trace at a particular value of ci the occurence of instability waves with relative phase speeds near cr --4-0.5. These solutions switch between values'creating islands of instability with a particular phase speed. This is shown in Fig. 11 for the trace cr = 0.6 and 0.7 and in Fig. 12 with the trace cr = 0.6, 0.7 and 0.8.
Again in

VII. Discussion
In this section, some general remarks about the specific results will be made.
Then, the nature of the solutions will be examined. The procedure used to find solutions has some similarity to that used to study the Julia sets and the Mandelbrot sets which are fractal geometric objects. However, the search for solutions at each (ci, k) point is more difficult and the comprehensive method used requires more computer time. Consequently, enough work has not been done at this time to discern if the solutions are located in rigid domains or if the domain boundaries have a fractal nature.
However, the basic procedure used involves finding the roots of I_(c_)l = 0. Newton's method provides a means to compute them using the following dynamical system
Discussions of the application of Julia set theory to Newton's Method 42 and a brief discussion by Shub on the theory of the complexity of equation-solving 43 suggest the solutions might have a fractal nature. The sensi-
•tivity of the problem to spacing and the complexity of the results suggest that this is might be an interesting problem for someone working on the theory of the complexity of equation-solving.
VIII. Conclusions
For a range of amplification rates, solutions for the • velocity profiles considered were found. For these cases, solutions exist over a limited range of wave numbers and have a band type structure.
These results represent another example of a system exhibiting complexity at the edge of order and chaos 
B.4
In the region 7r < y < 2rr we have solutions C.2
In the region _ < y < _ we have solutions
In the region _ < y < 2_r we have solutions Solving for N2c, M2c, M2s, and N2s and using the angle sum relationships for cosh(a+j3) and sinh(a+fl) we find: 
